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Abstract

A Roman dominating function (RDF) on a graph G is a function
f: V(G) — {0,1,2} satisfying the condition that every vertex v for which
f(v) =0, is adjacent to at least one vertex u for which f(u) = 2. The weight
of a Roman dominating function f is the value f(V(G)) = X cv(q) f(v)-
The Roman domination number of G, denoted by yr(G), is the minimum
weight of an RDF on G. For a given graph, a Roman dominating func-
tion f = (Vo, V1, V2) is a restrained Roman dominating function (rRDF) if
every vertex of V) has a neighbor in V. The restrained Roman domina-
tion number of G, denoted by 7, zr(G), is the minimum weight of an rRDF
on G. We first show that the restrained Roman domination problem is
NP-complete. Then we give various bounds and characterizations. Finally
we study restrained Roman domination in random graphs.
Keywords: Roman domination, restrained Roman domination, complex-
ity, probabilistic method, random graph.
AMS Subject Classification: 05C05, 05C69.

1 Introduction

Let G = (V, E) be a graph. By the neighborhood of a vertex v of G we mean
the set Ng(v) = {u € V(G): uwv € E(G)}. The degree of a vertex v, denoted
by dg(v), is the cardinality of its neighborhood. By a leaf we mean a vertex
of degree one, while a support vertex is a vertex adjacent to a leaf. We say
that a support vertex is strong (weak, respectively) if it is adjacent to at least
two leaves (exactly one leaf, respectively). The distance between two vertices

*Department of Mathematics, Shahrood University of Technology, Iran

"Research fellow at the Department of Mathematics, University of Johannesburg, South
Africa.

fFaculty of Electronics, Telecommunications and Informatics, Gdansk University of Tech-
nology, Poland. Research partially supported by the Polish National Science Centre grant
2011/02/A/ST6/00201.



of a graph is the number of edges in a shortest path connecting them. The ec-
centricity of a vertex is the greatest distance between it and any other vertex.
The diameter of a graph G, denoted by diam(G), is the maximum eccentricity
among all vertices of G. The complete graph on n vertices we denote by K,.
The path (cycle, respectively) on n vertices we denote by P, (C,,, respectively).
Let T be a tree, and let v be a vertex of T. We say that v is adjacent to a path P,
if there is a neighbor of v, say x, such that the subtree resulting from 7" by remov-
ing the edge vx and which contains the vertex x as a leaf, is a path P,. By a star
we mean a connected graph in which exactly one vertex has degree greater than
one. Double star is a graph obtained from a star by joining a positive number
of vertices to one of the leaves.

A subset D C V(@) is a dominating set of G if every vertex of V(G) \ D has
a neighbor in D, while it is a restrained dominating set of GG if additionally every
vertex of V(G)\ D has a neighbor in V(G)\ D. The domination (restrained dom-
ination, respectively) number of G, denoted by v(G) (7,(G), respectively), is the
minimum cardinality of a dominating (restrained dominating, respectively) set
of G. Restrained domination in graphs was introduced by Telle and Proskurowski
[19], albeit indirectly, as vertex partitioning problem, and was further studied for
example in [4-7, 9, 10, 12, 22|. For a comprehensive survey of domination in
graphs, see [11].

For a graph G, let f: V(G) — {0,1,2} be a function, and let (V, Vi, V) be
the ordered partition of V(G) induced by f, where V; = {v € V(G): f(v) = i}
and |V;| = n;, fori = 0,1,2. Thereis a 1—1 correspondence between the functions
[ V(G) — {0, 1,2} and the ordered partitions (Vp, V1, V2) of V(G). Thus we will
write f = (Vp, Vi, V2) to refer to f. A function f: V(G) — {0, 1,2} is a Roman
dominating function, or just RDF, if every vertex v for which f(v) = 0, is adjacent
to at least one vertex u for which f(u) = 2. The weight of an RDF is the value
fV(G)) = > ev(e f(v). The Roman domination number of a graph G, denoted
by vr(G), is the minimum weight of an RDF on G. A function f = (Vp, V4, V2) is
called a vg(G)-function if it is an RDF on G and f(V(G)) = vg(G). The concept
of Roman domination in graphs was introduced by Stewart [18], and further
studied for example in [3, 8, 13, 15, 16, 21].

As noted in [3], the idea of considering a Roman dominating function is that
the assignments 1 and 2 represent either one or two Roman legions stationed at
a given location (vertex v). A nearby location (an adjacent vertex u) is considered
to be unsecured if no legions are stationed there (i.e. f(u) = 0). One can consider
this idea with a further condition that any unsecured location is also adjacent to
at least one unsecured location. Pushpam and Padmapriea [17] introduced the
concept of restrained Roman domination in graphs. An RDF f = (V,, V4, V%)
on a graph G is a restrained Roman dominating function, or just rRDF, on G
if every vertex of V4 has a neighbor in V. The restrained Roman domination
number of G, denoted by 7,gz(G), is the minimum weight of an rRDF on G.



A function f = (Vp, Vi, Vs) is called a 7,z(G)-function if it is an rRDF on G and
V(@) = 7r(G).

We present different bounds and characterizations for the restrained Roman
domination number of a graph, and study restrained Roman domination in ran-
dom graphs. In Section 2, we show that the restrained Roman domination prob-
lem is NP-complete for general graphs. In Section 3, we present different bounds
and characterizations for the restrained Roman domination number. Finally
in Section 4, we study restrained Roman domination in random graphs.

2 Complexity

In this section we prove that the restrained Roman domination decision problem
is NP-complete. We shall prove the NP-completeness by reducing the following
vertex cover decision problem, which is known to be NP-complete.

VERTEX COVER DECISION PROBLEM

INSTANCE: A graph G = (V, E) and a positive integer k£ < |[V(G)].

QUESTION: Does there exist a subset C' C V(@) of size at most k such that
for each edge zy € E(G) we have x € C or y € C?

Theorem 1 (Karp [14]) Vertex cover decision problem is NP-complete for gen-
eral graphs.

RESTRAINED ROMAN DOMINATION PROBLEM

INSTANCE: A graph G = (V, E) and a positive integer k£ < |V(G)].

QUESTION: Does there exist a restrained Roman dominating function for G
with weight at most k7

Theorem 2 The restrained Roman domination problem is NP-complete for gen-
eral graphs.

Proof. We transform the vertex cover decision problem for general graphs to the

restrained Roman domination decision problem for general graphs. For a given
graph G = (V, E), let s = 3|V(G)| 4+ 4 and construct a graph H = (14, E}) as
follows. Let Vi = {z;: 1 <i <s}U{ytUV(G)U{e;: e€ E,1 <i<s}, and let

E, = {nz 3 U{yv:veV}
Uiz 1 <i<s—1}
U{zy: 1 <i<s}
W{ve;:vee ee B,1<i<s}
U{eieiri(mod s): vee e€ B, 1 <i<s}.



Figure 1 shows the graph H obtained from G = P3 by the above procedure.
Note that

H{o: 1<i <130 = H[{e;: 1< <130 = H[{fi: 1 <1< 13}] = Cs,

y is adjacent to x; for ¢ = 1,2,...,13, e; is adjacent to both a and b for j
=1,2,...,13, and f; is adjacent to both b and ¢ for [ =1,2,...,13.

We claim that G has a vertex cover of size at most k if and only if H has
an TRDF with weight at most 2k+2. Hence the NP-completeness of the restrained
Roman domination problem in general graphs follows from that of the vertex
cover problem. First, if G has a vertex cover C' of size at most k, then the
function f defined on V; by f(v) = 2 for v € C U {y} and f(v) = 0 otherwise,
is an TRDF with weight at most 2k + 2. On the other hand, suppose that H has
an TRDF ¢ with weight at most 2k + 2. If g(y) # 2, then

2
Zg ) > ~r(C )>7R(CS)2§>2|V(G)|+222k+2,

which is a contradiction. Thus ¢g(y) = 2. Similarly, we have g(u) = 2 or g(v) = 2
for any e = uv € E. Therefore C' = {v € V': g(v) = 2} is a vertex cover of G and
2|C| +2 < w(g) < 2k + 2. Consequently, |C| < k. u

® €13

f13

Figure 1: The graphs G = P; and H

3 Bounds on the restrained Roman domination
number of a graph

In this section we present different bounds and characterizations concerning the
restrained Roman domination number.



3.1 Trees

We prove that for every nontrivial tree T" of diameter at least three, order n,
with [ leaves and s support vertices, we have v,z(T) > (2n+1—s+4)/3. For the
purpose of characterizing the trees attaining this bound we introduce a family 7
of trees T' = T}, that can be obtained as follows. Let Ty € {Py, Ps, Ps}. If k is
a positive integer, then Ty, can be obtained recursively from T}, by one of the
following operations.

e Operation O;: Attach a vertex by joining it to any support vertex of 7.

e Operation Oy: Attach a path P; by joining one of its leaves to a vertex
of T}, adjacent to a path P;.

e Operation O3: Attach a path P; by joining one of its leaves to a leaf of T
adjacent to a weak support vertex.

We now prove a lower bound on the restrained Roman domination number
of a tree. We also prove that for the equality to be satisfied, the tree must belong
to the family 7.

Lemma 3 For every tree T of diameter at least three, order n, with | leaves and
s support vertices, we have v,r(T) > (2n +1— s+ 4)/3, and if the equality is
satisfied, then T € T .

Proof. First assume that diam(7) = 3. Thus T is a double star. We have
Cn+l—-—s+4)/3=02n+n—-2-2+4+4)/3 =n = vg(T). If T = Py, then
T € T. If T is a double star different from P,, then it can be obtained P, by
appropriate numbers of operations O, performed on the support vertices. Thus
T € T. Now assume that diam(7") > 4. Thus the order n of the tree T is at
least five. The result we obtain by the induction on the number n. Assume that
the lemma is true for every tree T” of order n’ < n with [’ leaves and s’ support
vertices.

Let f = (Vo, V4, V2) be a 4,.gr(T)-function. First assume that some support
vertex of T, say x, is strong. Let y and z be leaves adjacent to x. Let TV =T —y.
We have " = n—1,0' =1 —1 and ¢ = s. Clearly, we have y,z € V; U V5.
The function f is minimum, thus f(y) # 2 or f(z) # 2. Without loss of generality
we assume that f(y) = 1. It is easy to observe that f|y () is an rRDF for the
tree T". Therefore v,g(T") < vr(T) — 1. We now get v.r(T) > vr(T") + 1
> @2+l - +4)3+1=2n—-2+1-1—-5+7)/3=02n+1—-5s5+4)/3.
If vr(T) = (2n+ 1 — s+ 4)/3, then obviously v,r(T") = (2n' +1' — ' + 4)/3.
By the inductive hypothesis we have 7" € T. The tree T' can be obtained from 7"
by operation O;. Thus T" € T. Henceforth, we can assume that every support
vertex of T is weak.



We now root 7" at a vertex r of maximum eccentricity diam(7"). Let ¢ be a leaf
at maximum distance from r, v be the parent of ¢, u be the parent of v, and w
be the parent of u in the rooted tree. By T, we denote the subtree induced by
a vertex x and its descendants in the rooted tree T'.

Clearly, t € V; U V5. Assume that v ¢ Vi. Then f(t) = 1 as the function f is
minimum. Let 7" =T —t. Wehaven' =n—1,0' =1 and s’ € {s—1,s}. It is easy
to observe that f|y(7vy is an TRDF for the tree 7". Therefore v, z(1") < vr(T)—1.
We now get 7,2(T) = Ya(T")+1 2 (20 +1'— ' +4)/3+1 > (2n—2+1—s+7)/3
=2n+1—5s5+5)/3> (2n+1—s+4)/3. Thus we can assume that f(v) =0,
and consequently, f(u) =0 and f(t) = 2.

Assume that among the children of u there is a support vertex, say x, other
than v. The leaf adjacent to x we denote by y. Let 7" = T — T,. We have
n=n—-2,1'=1—1and s’ =s— 1. Because of the similarity of the subtrees
T, and T,, we can assume that f(z) = 0 and f(y) = 2. Observe that f|y ()
is an rRDF for the tree 7'. Therefore v,r(T") < v.r(T) — 2. We now get
i) > %r(T) +2> (20 +1 —s' +4)/3+2=(2n—4+1—1—5+1+10)/3
=@2n+1—-5+6)/3>2n+1—s+4)/3.

Now assume that some child of u, say z, is a leaf. Clearly, f(x) # 0. Let
T"=T—-2z. Wehaven' =n—-1,0'=1—-1and s = s—1. If f(z) = 1,
then obviously f|y(ry is an rRDF for the tree 7. Now assume that f(z) = 2.
We have f(w) € {0,1}, otherwise we can change the value of f(x) from 2 to 1,
a contradiction to the minimality of f. If f(w) = 1, then let us observe that f|y ()
with the modification that f(w) = 2, is an rRDF for the tree 7". We now conclude
that v,r(T") < r(T)—1. We get %r(T) 2 wr(T')+1 > (20" +1'—s'+4)/3+1
=(2n—24+1—-1-s+147)/3 = (2n+1—5s+5)/3 > (2n+1—s+4)/3. Now assume
that f(w) =0. Let 77" =T —T,. Wehaven” =n—2,1"=1—1and s" =s— 1.
Observe that f|y () is an rRDF for the tree T”. Therefore v, zr(T") < v,r(T) —2.
We now get v.g(T) > v%r(T")+2 > 20" +1" —s"+4)/3+2 > (2n — 4+ 1
—1—s+1+10)/3=02n+1—s+6)/3>2n+1—s+4)/3.

Now assume that dp(u) = 2. Thus f(w) = 2. First assume that there is a child
of w other than wu, say x, such that the distance of w to the most distant vertex
of T, is three. It suffices to consider only the possibility when T, is a path Ps.
Let 7" =T —T, Wehaven =n—3,1'=1—1and s = s — 1. Observe
that f|v () is an TRDF for the tree T". Therefore v,z(17") < r(T) — 2. We
now get v,r(T) > vr(T)+2 > 20 +1' — s +4)/34+2=2n—-6+1—1
—s+1+10)/3 = 2n+1—s+4)/3. lf v,r(T) = (2n+1—s+4)/3, then obviously
Ywr(T") = (2n' +1' — s +4)/3. By the inductive hypothesis we have 7" € T.
The tree T' can be obtained from 7" by operation Oy. Thus T € T .

Now assume that there is a child of w, say x, such that the distance of w to the
most distant vertex of T}, is two. Thus z is a support vertex of degree two. The
leaf adjacent to = we denote by y. Let 7" =T —T,. Wehaven' =n—-2,1' =1—1
and s’ = s — 1. Let us observe that f(z) =1 and f(y) = 1. It is easy to see that
flvry is an TRDF for the tree T". Therefore v,z(T") < v,r(T) — 2. We now get
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r(T) = 4r(T) +2> (20 + 1 — ' +4)/3+2=(2n—4+1—1—s+1+10)/3
=@2n+1—5+6)/3>2n+1—s+4)/3.

Now assume that some child of w, say xz, is a leaf. Let 7" = T — x. We
have " =n—1,1' =1 —1and s = s — 1. Notice that f(z) = 1. Clearly,
flvr is an TRDF for the tree T". Therefore v,z(T") < v,r(T) — 1. We now get
YWr(T) > %r(T)+1> 20+ —s+4)/3+1=2n—-2+1—-1—-5s+1+7)/3
=2n+1—5+5)/3>2n+1—s+4)/3.

Now assume that dr(w) = 2. First assume that some child of d, say z, is
aleaf. Let 7" =T —x. Wehaven' =n—1,1' =1—1and s = s — 1. Notice
that f(x) = 1. It is easy to see that f|y(7v) is an rRDF for the tree 7". Therefore
PY?"R<T/> < ’YT‘R(T) —1. We now get ’YTR(T) > VTR(T/) +1> (2n/+l/ - Sl+4)/3+ 1
=2n—-24+1-1-s+14+7)/3=02n+1—5+5)/3>2n+1—s+4)/3.

Now assume that no child of d is a leaf. Let 7" =T —T,,. We have n’ = n — 3,
I'=1and s’ = s. If diam(T") € {1,2}, then T" € {P,, s} and T € {P5, P;} C T.
Now assume that diam(7") > 3. Observe that f|y (v is an TRDF for the tree T".
Therefore v, g(1") < vrr(T)—2. We now get v,r(T) > vr(T")+2 > 20/ +1'— ¢
+4)/3+2 > (2n—6+1—5+10)/3 = 2n+1—s+4)/3. If 3, r(T) = (2n+l—s+4)/3,
then obviously v,z(1") = (2n' + 1" — s’ +4)/3. By the inductive hypothesis we
have T" € T. The tree T can be obtained from 7" by operation Oz. Thus T" € T.

[

We have the following necessary condition for that a tree T satisfies the equal-
ity of the lower bound of (2n +1— s+ 4)/3 on the restrained Roman domination
number.

Lemma 4 Let T be a tree. If v.r(T) = (2n+1—s+4)/3, then for every leaf x
of T, there is a v.g(T)-function f that assigns the value 2 to the vertex x.

Proof. The neighbor of x we denote by y. Suppose that for every ~,g(T)-
function f we have f(r) = 1. Let 7" = T'—x. It is easy to observe that f|y () is
an rRDF for the tree 7. Therefore v,r(T") < ~4,r(T) — 1. If y is a strong support
vertex, then n’ =n —1,1' =1 —1 and s’ = s. We now get v,.z(T) > r(T") + 1
> 2+l —s'+4)/3+1=2n—24+1—-1—5+7)/3 = (2n+1—s+4)/3. After an
appropriate number of analogical steps, we get a tree in which y is a weak support
vertex. Thus we now assume that y is a weak support vertex. Then n’ =n — 1,
I'=1-1and s’ = s—1. Wenow get v,g(T) > v.r(T")+1 > (2n'+1'—s'+4)/3+1
= (2n—2+1—1—-s+147)/3 = (2n+1—s+5)/3 > (2n+l—s+4)/3, a contradiction.

|

We now prove that for every tree T' of the family 7 we have ~,z(T) = (2n +1
—s+4)/3.

Lemma 5 IfT € T, then v.gr(T) = (2n+1—s+4)/3.



Proof. We use the induction on the number £k of operations performed to
construct the tree T. If T € {P,, Ps, Ps}, then we have (2n +1 — s + 4)/3
=2n+n—-2-2+4)/3 =n = x(T). Let k be a positive integer. Assume
that the result is true for every tree T = T}, of the family 7 constructed by
k — 1 operations. Let n’ be the order of the tree 7", I’ the number of its leaves
and s the number of support vertices. Let T" = Ty,1 be a tree of the family 7
constructed by k operations.

First assume that 7" is obtained from 7" by operation O;. We have n = n/+1,
Il =0U+1and s = . Let = be the attached vertex. Let f' = (V4, Vi, V3)
be a v.r(T")-function. It is easy to see that extending f’ by f'(z) = 1 gives
us an rRDF for the tree T. Thus v,.(T) < vr(T") + 1. We now get v,g(7T)
<Ar(T)4+1 = 2n'+I'—s'+4) /341 = 2n—2+1—-1—5+7)/3 = (2n+1—s+4)/3.
On the other hand, by Lemma 3 we have v,z(T") > (2n+1—s+4)/3. This implies
that v,r(T) = (2n+1—s+4)/3.

Now assume that T is obtained from 7" by operation O,. We have n = n’ + 3,
Il=104+1and s =& + 1. The vertex to which is attached P; we denote by x.
Let vivovs be the attached path. Let v be joined to x. Let abc denote a path Pj
adjacent to x and different from vyvov3. Let a and x be adjacent. By Lemma 4,
there is a v,r(7T")-function f’ such that f'(¢) = 2. Consequently, f'(b) = 0,
f'(a) = 0 and f’(z) = 2. It is easy to observe that extending f’ by letting v,
and vy have the weight 0 and v3 the weight 2, we get an rRDF for the tree T.
Thus v.r(T) < %r(T") + 2. We now get v,p(T) < v%r(T")+2= 020" +1' - ¢
+4)/3+2=02n—6+1—-1—5s+1+4+10)/3 = (2n+1— s+ 4)/3. This implies
that v.r(T) = (2n+1—s+4)/3.

Now assume that T is obtained from 7" by operation Q3. We have n = n’ + 3,
Il =1 and s = §. The leaf to which is attached P; we denote by z. Let
v1vov3 be the attached path. Let v; be joined to x. By Lemma 4, there is
a Yr(T")-function [’ such that f'(x) = 2. It is easy to observe that extending
f" by f'(v1) =0, f'(va) = 0 and f'(vs) = 2, we get an rRDF for the tree T.
Thus v,r(T) < %r(T") + 2. We now get v.r(T) < %r(T")+2= 20" +1' — ¢
+4)/34+2=2n—6+1—s+10)/3 = 2n+ 1 — s+ 4)/3. This implies that
Ywr(T)=02n+1—-s+4)/3. n

As an immediate consequence of Lemmas 3 and 5, we get the following lower
bound on the restrained Roman domination number of a tree together with the
characterization of the extremal trees.

Theorem 6 For every tree T of diameter at least three, order n, with | leaves
and s support vertices, we have v,g(T) > (2n+ 1 — s+ 4)/3, with equality if and
only if T € T.



3.2 General graphs

Pushpam et al. [17] determined the restrained Roman domination number of paths
and cycles by considering different cases of n modulo 3. We first show the fol-
lowing property of graphs in which some vertex is neither a leaf nor a support
vertex.

Proposition 7 If a graph G has an edge non-incident with a leaf, then there is
a v-r(G)-function f = (Vo, V1, Va) such that Vi # 0.

Proof. The result is obvious if 7,z(G) < n. Thus assume that v,.z(G) = n.
Let zy be an edge of G such that dg(z) > 2 and dg(y) > 2. If Ng(z) N Ne(y)
# (), then let a be a common neighbor of x and y. Observe that ({z,y}, V(G)
\{z,y,a},{a}) is an rRDF for G of weight n — 1, a contradiction. Now assume
that Ng(z) N Ng(y) = 0. Let 71 € Ng(z) \ Ng(y) and y; € Ng(y) \ Ng(z). Then
{z,y}, V(G) \ {z,z1,y, 1}, {x1,11}) is a desired v,r(G)-function. n

For any odd integer n > 3, let G,, be the graph obtained from (n—1)/2 copies
of Ky by adding a new vertex and joining it to both leaves of each K. Thus
G35 = K3, and for n > 3, G,, has a vertex of degree n — 1 and all other vertices
of degree two. Figure 2 shows the graph G7. Let G = {G,: n > 3 is odd}.

Figure 2: The graph Gz

Theorem 8 For every connected graph G of order n > 3 with m edges we have
Yr(G) > n+1—2m/3, with equality if and only if G € G.

Proof. If G is a star, then 7,z(G) =n > (n+5)/3 = n+1—2m/3. Thus assume
that G is not a star. By Proposition 7, there is a v, gr(G)-function f = (V4, Vi, V3)
such that Vy # (0. Clearly, G[Vp] has no isolated vertex. Thus |E(G[Vy])| > [Vol/2.
Let E(Vy, V2) be the set of edges between vertices of 1 and vertices of V5. Since
every vertex of Vy has a neighbor in V5, we have |E(Vy, V)| > [V]. We have

1 3
m > [BGVAD| + B Va)l 2 LVol + Vil = 2[val, )
and thus |Vp| < 2m/3. We now get

2 2
n= Vol + Vil + [Va] < Sm +7,a(G) = Vol < gm + 7r(G) = 1. (2)



This implies that v,z(G) > n+1—2m/3.

It is easy to see that for any odd integer n > 3 we have ~,z(G,) = 2 and
|E(G,)| = 3(n —1)/2. Consequently, v,.zr(G) =n+1— 2m/3. Now assume that
G is a graph with v,z(G) = n + 1 — 2m/3. Then all inequalities of (1) and (2)
become equalities. We have |V5| = 1. Let V, = {z}. Since |E(G[W])| = [Vo|/2,
the set V has an even number of vertices, and each component of G[V;] is a K».
From |E(Vp, Va)| = |Vo| we obtain that every vertex of Vj is adjacent to x. Since
G is connected, we have |Vi| = (). Consequently, G € G. [

It is proved in [17] that for a path P, and a cycle C,, we have v,r(FP,) < (2n
+6)/3 and 2n/3 < v,r(C,) < (2n+5)/3. We have the following upper bound on
the restrained Roman domination number of a graph in terms of its diameter.

Proposition 9 For every connected graph G of order n we have v,.r(G) < n
+1 — [(diam(G) — 2)/3], and this bound is sharp.

Proof. Let P = vgv; ... Vgiam(c) be a diametrical path in G, and let f = (1}, V4,
V3) be a 7,.r(P)-function. Then w(f) < (2(diam(G) + 1) + 6)/3. Define g on
V(G) by letting g(z) = f(x) for x € V(P), while g(z) =1if x € V(G)\ V(P).
Obviously, ¢ is an rRDF for G. Hence v,.z(G) < w(f) + n — diam(G) — 1
< (2(diam(G) + 1) +6)/3 + n — diam(G) — 1 = n + 1 — (diam(G) — 2)/3
<n+1—|(diam(G) — 2)/3|. To see the sharpness, consider the path P. n

Similarly we obtain the following bound in terms of the girth and the order.

Proposition 10 For every connected graph G of order n and girth g(G) we have
wr(G) <n+1—|(9(G) —2)/3], and this bound is sharp.

We have the following upper bound on the restrained Roman domination
number of a graph in terms of its order and size.

Proposition 11 If G is a connected graph of order n with m edges, then ~,r(G)
< 2m — n + 2, with equality if and only if G is a tree with v,gr(G) = n.

Proof. Since G is connected, we have m > n — 1. We now get 7,r(G) < n
=2n—1)—n+2<2m-n+2. Ifygr(G) =2m—-—n+2, then m =n—1
and thus G is a tree with 7,zr(G) = n. The converse is obvious. n

3.3 Probabilistic bounds

For the probabilistic methods we follow [1]. Analogously to some results of [22],
we obtain several probabilistic bounds for the restrained Roman domination num-
ber. Cockayne et al. [3] presented the following bound for the Roman domination
number of a graph.

10



Theorem 12 (Cockayne et al. [3]) Let G be a graph of order n. If § > 0,
then

() §n<21H(1+5)_1n4+2).

0+1

We show that the above bound holds for the restrained Roman domination if
n<d6d—1)/(Indo —In2+1).

Theorem 13 Let G be a graph of order n. If § > 0 and n < 6(0 — 1)/(Ind
—In2+1), then

Yor(G) < n(21ﬂ<1 +0) —Ind + 2>.

0+1

Proof. The conditionn < 0(6 —1)/(Ind —In2+1) implies that § > n-(Ind —1n2
+1)/6+1. By Theorem 12 we have 7z(G) < n-(2In(14+6) —1In4+42)/(6+1). Let
[ = Vo, V1, V2) be a vg(G)-function with w(f) < n-(2In(1+0) —Ind+2)/(5+1)
such that |Vi| is minimum. Then any vertex of Vj is adjacent to at most one
vertex of Vi. Obviously, |Va| < yr(G)/2. Let v € V4. Then dg(v) > § > n
(mo—2+1)/0+1>n-(In(0+1)—n241)/64+1>vr(G)/2+1 > |V5|+ 1.
By the choice of f, the vertex v is adjacent to some vertex in V5. Thus f is
an TRDF and we get v,z(G) < w(f) <n(2In(l+6) —In4+2)/(0 +1). n

We have the following upper bound on the restrained Roman domination
number of a graph with no leaves and cut vertices.

Theorem 14 If G is a chordal graph of order n with no cut vertex and 6(G) > 2,

then
)
@) <om|1-—2 .
fYR( ) < (6+1)1+5>

Proof. Given a chordal graph GG with no cut vertex and with minimum degree
at least two, we select a set of vertices A, where each vertex is selected inde-
pendently with probability p = 1 — (1/(6 4+ 1))*/%. Let B = V \ N[A] be the
set of vertices not dominated by A. Let C' C V(G) \ (AU B) be the set of all
vertices ¢ such that Ng(c) € AU B. It follows from the assumption that for
every ¢ € C' we have Ng(c) € A. Then f = (V(G)\ (AUBUC),BUC,A)
is an TRDF. Clearly, Pr(z € A) = p, Pr(z € B) = (1 — p)'Tdc® < (1 — p)I+d
and Pr(z € C) = (1 —p)-p%®@ < (1 —p)-p°. Since § > 2, we have p < 1/2.
We now bound the expected weight of f,

E(w(f)) < np+n(l—p)'*° +n(1—p)p’ (3)
< 2n(p+ (1—p)'*7) (4)

5
< 2n (1 GO 1)1+§). (5)

11



Now the result follows from the Pigeonhole property of expectation. ]

Corollary 15 Let G be a chordal graph of order n with no cut vertex. If §(G) > 2
and In(1+9)/(1+6) <1/2, then

r(G) < zn(w>

0+1

Proof. We select a set of vertices A independently and randomly with probability
p=1In(146)/(1+ ¢) and follow the proof of Theorem 14. Using the inequality
e ® >1—x for each x > 0 we obtain from (3) that

E(w(f)) p+(1=p)'™)

2n(
on(p + e PIH9)

2n(1n(1+5)+1>'
51

IA A

IN

Let B(G) denote the maximum size of a matching in G.

Theorem 16 For every graph G of order n we have

3In(6+1)+d+4 —In8
d+1

Yrr(G) < n —28(G).

Proof. Let f = (Vi, V1, V2) be a yg(G)-function such that V3| is minimum. Then
each vertex of V5 has a private neighbor in V. Let M be a maximum matching
of G. Without loss of generality we may assume that M = {ey, ..., ek, ext1,-- -,
ese) }, where e; has at least one end-point in Vs, for i =1,2,... k. Thus k < |V,
and G has at least 5(G)—k > B(G)—|Va| edges with both end-points in V/(G)\ Va.
Let e;1, €40, . . ., e be the edges of M which have exactly one end-point in V5. Then

g=WVo\{z:x€ej,j=k+1,...,8(G)},Viu{z: x €e;,j =k+1,....,8(G)}, V2)

is an rRDF for G. We now get

wr(G) < Vil +2|Va| + 1
< VAl +2[Val + Vol = 2(B(G) — k)
= Vil +2|Va| + [Vo| = 2B(G) + 2k
< Vil +2Va| + [Vo| = 26(G) + 2|Va|

Vi +4[Va| + (n — [Vi| = [Va]) — 2B(G)
n+ 3|Va| — 28(G).

12



By Theorem 12 we have |V3| < vr(G)/2 < n-(2In(1+9) —Ind + 2)/2(0 + 1).
Thus

VTR(G)

IA

3n(21n(1—|—5) —In4 +2
n+ —

2 0+1
3In(6 +1)+d+4 —In8
d+1

) - 260

n —28(G).

Corollary 17 If a graph G of order n has a perfect matching, then

3111(5—1—1)—1—3—1118.”

<
7r(G) < S+1

4 Restrained Roman domination in random graphs

Let n be a positive integer and let p € {0,1}. The random graph G(n, p) is a prob-
ability space over the set of graphs on the vertex set [n] = {1,...,n} determined
by Pr[{i,j} € E(G)] = p with these events mutually independent (see for exam-
ple [2]). We say that a random graph G' = G(n,p) satisfies a property @ if the
probability that G has the property @) tends to 1 as n tends to infinity. We also
say that almost all graphs satisfy the property () if a random graph satisfies Q).

Theorem 18 (Weber [20]) For almost every graph G(n, p) we have k+1 < ~(G)
< k+ 2, where k = |logn — 2loglogn + logloge| and the logarithm is in base

1/(p—1).

It follows from the above theorem that (G) = logn(1+ o(1)). We show that
the restrained Roman domination number is equal to the Roman domination
number in a random graph.

Theorem 19 For almost every graph G we have v,.r(G) = vr(G).

Proof. From Theorem 12 of [2] we know that for a random graph G = G(n,p)

we have
n %
<
< c(n) (logn) ’

where ¢(n) tends to infinity arbitrarily slowly, and the logarithm is in base
1/(p — 1). Thus we obtain 6 = pn(l + o(1)). Let D be a v(G)-set. Thus
|D| = logn(1l+ o(1)). It is obvious that f = (V(G)\ D, 0, D) is an RDF for G.
We have vz(G) = w(f) < 2|D| = 2logn(l + o(1)). Let g = (Vp, V4, Vs) be

pgn
8logn

%
) log log log n

o —pn— (2pqnlogn)% + (
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a Ygr(G)-function such that V; is minimum. Then each vertex of Vj is adjacent
to at most one vertex of Vj. Let v € V. Then dg(v) > 6 = pn(1 +o(1)). If nis
sufficiently large, then pn(1+ o(1)) > 2logn(l +o(1)) + 1 > |V,| + 1. Thus v is
adjacent to some vertex in Vy. Consequently, g is an rRDF. Thus v,z(G) < vg(G)
and the result follows. |
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